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ABSTRACT optimized over multiple criteria [1, 4] which essentiallynimize
Currently popular feature extraction tools (e.g., Gaboayelet  the complexity-penalized mean-squared error. Cleariywtedge-
analysis) do not economically represent edges in imagea.step let representation seeks a projection that best reprearnisage
towards solving this problem, the wedgelet transform wasmdy in a least-squares sense. However, there is no reason tmassu
proposed [1]; this transform provides nearly optimal reprea- that the components useful for representing pixel valuest migo

tion of objects in the Horizon model, as measured by the mamim ~ be useful for discriminating between regions in an imageer&h
mean-squared error. However, there is no reason to assane th fore, we propose a substantially different image analysithod
the components useful for representing pixel values mast la which maximizes the distance between the means of the two re-

useful for discriminating between regions in an image. Thas- gions while minimizing the variance within each region. Shwe
ing the successful extraction of edges as our goal, we peopos implement multiscale linear discriminant analysis (MLDAdich
novel image analysis method—namely, multiresolutiondirgis- seeks for directions that are efficient for discrimination.
criminant analysis (MLDA). In MLDA, analogously to the weslg Despite its similarity to the wedgelet transform, we intod a
let transform, we seek directions that are efficient for riiisina- new name (i.e., MLDA) to emphasize the fundamental diffeeen

tion. The MLDA framework comprises the following component  between the two approaches. Minimizing the mean-squared er
the MLDA atom, dictionary, tree, graph, and MLDA-based algo a wedgelet represents the most coherent regions in thesporié-
rithms. In this paper, we explain these components and demon ing dyadic square, that is, the regions with the minimalasmce.
strate the powerful expressiveness of MLDA, which gives tis On the other hand, an MLDA atom, supported by a dyadic square,

fast geometrical-structure-analysis algorithms. represents not only the most coherent regions but also gfiene
with the maximum mean distance. One can easily imagine cases
1. INTRODUCTION where minimizing the variances solely is insufficient forrect

edge detection, especially for appearances in images dinabt

For years now, active research has been conducted in thefarea be modeled with the Horizon model. In Fig. 1, we illustratefsa
wavelet-based image processing. However, recent findingsio case where regions have almost identical means but diffeagih
man vision and natural image statistics [2, 3] provide a ldst ~ ances. Unlike the wedgelet transform designed for binaggies,
arguments which seem to undermine the popularity of waselet ~ MLDA is capable of performing analysis of images represeénte

has been reported that cortical cells are not only highlgiseato ~ in @ multidimensional feature space (e.g., the RGB colocepa
the location and scale, but also to the orientation and el of In a more general setting of multidimensional data analytsis
stimuli. Moreover, the basis elements which best “spatsigt- MLDA extracts an “edge” between clusters of data, projegthe
ural scenes are highly direction-specific, unlike wavelEtsally, multidimensional data space onto the lower-dimensionaDML
it is well known that wavelets do not economically represamn representation.

straight edges, let alone more complicated geometricattstres MLDA exhibits the multiscale and localization properties o

in images. Therefore, all the aforementioned argumentgesig  waveletes, but also offers additional information on atigmts
that there is a need for new image analysis methods thatdshoul and spatial interrelationships among the extracted lidesarim-
exhibit, aside from the multiscale and localization proigsr of inants. In the following sections we explain these propsrénd
waveletes, also, characteristics that account for coedegyond demonstrate them with MLDA-based algorithms for analyzjeg
the wavelet framework.

Recently, the wedgelet transform has been proposed [1], as a
step toward improved extraction and representation of ®dge
images. The wedgelet transform is a harmonic analysis rdetho
for nearly optimal representation of binary images coimgisof
piecewise constant regions separated by smooth boundaees
the Horizon model). A wedgelet is a piecewise constant fanct
on either side of a line that intersects a dyadic square. Tile m
tiscale wedgelet representation of an image consists of afse
wedgelets supported by dyadic squares of varying sizetrat Fig. 1. The wedgelet transform fails to detect the edge correctly:
tition the analyzed image. The wedgelet recursive paniitig is (left) original image, (center) wedgelet, (right) MLDA aito
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ometrical structures in images.

2. MLDA FRAMEWORK

The MLDA framework consists of the following components:

1. The MLDA atom w is a piecewise constant function on
either side of a linear discriminant that intersects thénpeter of
a dyadic squaré in verticesv; andv;. The discriminantv;, v;)
divides S into two regionsR, and Ry, in which w takes values
o and . equal to the mean vector of pixel valdasR, and R,
respectively.

2. TheMLDA dictionary is a collection of all possible MLDA
atomsw at a finite range of locations, orientations and scales.
MLDA is performed searching through the MLDA dictionary for
atoms that best represent the analyzed image with respeuilto
tiple criteria. The search keys are the location and scateasfd a
discriminant(v;, v;). Computational complexity requires that the
set of vertices{v,} on the perimeter of each be finite (e.g., a
number of pixels apart). In our implementation, the diséahe-
tween two adjacent vertices is constant, which results iffereint
number of linear discriminants for squares at differentesca

3. The MLDA tree 7 consists of MLDA atoms generated
in MLDA. Starting from S of size equal to the analyzed image,
MLDA decomposes the image into children dyadic squared unti
optimization criteria are met. The MLDA treg is incomplete,
because generating atoms stops at different scales feratif |o-
cations in the image. The leaf nodesDfstore the final MLDA
representation of an image, as illustrated in Fig. 2.

4. TheMLDA graph is a graph plot of the MLDA representa-
tion of an image, where edges are linear discriminants adéso
are their corresponding vertices, as depicted in Fig. 2.

5. MLDA-based algorithms exploit information stored in the
MLDA tree and graph. The tree structure gives rise to a host of
multiscale analysis methods that accountdgrand i, values of
eachw at various scales—the algorithms already introduced in the
wavelet literature [5]. On the other hand, MLDA algorithnhat
use the MLDA graph go beyond the wavelet framework. These
algorithms are capable of examining spacial interrelatigps of
linear discriminants, such as connectedness, colliryeanid other
properties of curves in an image.

We propose that the most important optimization criteria fo
MLDA are discrimination andparsimony. The pattern recogni-
tion literature abounds with various criterion functionséomput-
ing the best linear discriminant. In our implementation, seek
a direction(v;, v;), characterized by the maximum Mahalanobis
distance betweeR, andR; in S, as

(vi,v5) : d= maX){(Mo—Ml)T(EOJrEl)*l(Mo—ul)h 1)

(Uiﬂfj

whereX, andX; denote covariance matrices &% and R, re-
spectively. The computational cost of an exhaustive seaveha
finite set of linear discriminant§(v;, v;)} can be reduced by up-
dating the relevant statistics only with pixel values oftdeegions
(areas between two consecutive candidate linear discaimtsi.

As the size ofS decreases, we achieve better piece-wise lin-
ear approximation of boundaries between regions in an image

1in this paper we assume that the analyzed image is reprdsinte
multidimensional feature space, where a feature vect@sgaed to each
pixel.

7

N

Fig. 2. (left) The MLDA graph: the dashed line depicts the actual
curve; (right) the corresponding MLDA tree

Therefore, an analyzed image is decomposed into dyadicesjua
of varying sizes which results in the MLDA treéE. To control
the generation of children dyadic squares, we impose thieapex
timization criterion, parsimony, as a counter-balancectugacy.
We define a cost function to measure the parsimory as

> r(we) +a|T]

wherer(w,) is the inverse of the Mahalanobis distance computed
for the corresponding leaf node,, r(w¢) = 1/d, |7| denotes
the number of terminal nodes ih, and o represents the com-
plexity cost per terminal node. Clearly, an exhaustive dean
tree space for the minimum cost function is computationaity-
hibitive. Therefore, we implement the one-step optimatpohure
analogous to the algorithm proposed in [6].

Our experimental results suggest that no single stoppileg ru
which limits the size of7, yields a satisfactory image represen-
tation. Therefore, instead of stopping at different temhimodes,
we continue MLDA image decomposition until all leaf squaaes
small in size, resulting in a large tree. Then, we selegtipeline
this large tree upward using the cost functi®(7). From ex-
pression (2), it follows that we can regulate the pruningpss by
increasingx to obtain a finite sequence of subtrees with progres-
sively fewer leaf nodes. First, for each nadec 7, we determine
o, for which the cost of a subtreg, is higher than the cost of its
root nodew, as follows:

R(T) (2)

R(Tw) > R(w) = Zr(wz) + | Tw| > r(w) + o - 1

_r(w) = Yr(w)

B A

w

@)

Then, the whole subtreg&, under the nodev with the minimum
value ofa,, is cut off. Repeatedly, we recalculaig, values and
trim off the weakest links until the actual number of leaf asds
equal to or less than the desired number of leaf nodes.

This pruning is computationally fast and requires only albma
fraction of the total tree construction time. Starting witltom-
plete tree, the algorithm initially trims off large subtsegith many
leaf nodes. As the tree becomes smaller, the proceduretiends
off fewer nodes at a time. In Fig. 3, we illustrate the efficigin
image representation of the fully optimized MLDA tree, asneo
pared to the unpruned MLDA tree. While there is almost noaegr
dation in accuracy with complexity-cost pruning, we acbhibgig-
nificant reduction in the number of terminal MLDA atoms.

With additional optimization criteria, it is possible to etevar-
ious application specific requirements. For instance, Jirtf# au-
thors assume that curves in images appear smooth and cednect
and therefore they impose a geometrical model as an optimiza
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criterion for deriving the wedgelet image representatiblever-
theless, keeping in mind that the human visual system idatapé
integrating scattered image constituents into coheretiagstruc-
tures [2], we let the MLDA representation provide all théhriess
of the underlying geometrical structures and assign treablin-

tegrating” (e.g. analysis of the smoothness and conneessdof
curves) to MLDA-based algorithms.

3. ALGORITHMSAND RESULTS

MLDA is particularly suitable for extracting perceptuailyppor-
tant features such as edges, singularities, and periodierps
through a range of scales. Herewith, we focus only on thelenob
of extracting curves in an image, since a more thoroughrtreat
is beyond the scope of this paper.

The vision-based horizon tracking for flight control and-sta
bility of micro air vehicles (MAV), as described in [5], is fad
on the assumption that the horizon is a straight line. Thius, t
crucial part of the horizon detection algorithm is extragtcandi- ] ) S
date lines in an image—a task almost impossible to achigvg us Fig. 4. Noise degraded MAV flight images
wavelets for noise-degraded images. In Fig. 4, we show twe ty
ical flight images, captured from an on-board camera of a MAYV,
where the video noise introduced edges and ripp|es that my m Table 1. Percentage of misclassified piXG'S for noisy ﬂlght images
lead the wavelet-based edge detection. In this case, theAMLD
framework offers an efficient solution without any need foege MLDA | wedgelets| wavelets
denoising. First, the MLDA image representation is fountlef, 5% -17% | 8% -24% | 12% - 31%
straight lines in the image are extracted analyzing exhaalgtall
possible directions, determined by a finite set of poihtdong the
perimeter of the image. Each pair of poirfis, v;) € V defines
a direction with a slope;; along which MLDA atoms are exam-  especially in the presence of video noise, we carried outgao-
ined. If slopesa of linear discriminants of the examined atoms ative study of the three algorithfor horizon detection on the

satisfy same dataset comprising more than 1000 noisy MAV flight im-
la —ai| <A, (4) ages. By visual inspection, we marked the “correct” positibthe
whereA denotes a slope step between two neighboring directions norizon for each image and then computed the percentagecef er
and can be computed as neously classified pixels by the MLDA, wedgelet, and wavelet
based algorithms, which we present in Table 1. It seemed to us
A = min{|a;; — art|/(1 — asjar)} , kL€ {i,i £1}, (5) inappropriate to average the classification results, c#uvas
only for a small number of test images that the error incréase
then that linear discriminant is extracted as a part of tredyaed Finally, it is note worthy that the MLDA-based horizon ddten

direction(v;, v;). Finally, comparingu; andu. values of the ex- algorithm is capable of processing a video stream of fliglatges
tracted MLDA atoms with the prior statistical models of skyda in real time.

ground [5], the list of horizon candidates is reduced to thézion Further, we apply the described algorithm to solve the prob-
solution, as illustrated in Fig. 4.
In order to justify our claim that MLDA-based algorithms for 2For more details on the wavelet-based horizon trackingintieeested

edge extraction outperform wedgelet and wavelet-basemappes, reader is referred to [5].
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(a) original image

(b) extraction of lines

(c) extraction of curves

Fig. 5. A noise degraded MAV flight image

lem of detecting man-made structures in air images. Suppase
example, that artificial structures appear as long stradges, as
the road in Fig. 5a. Thus, given this prior knowledge, theged-
tion problem can be solved implementing the MLDA-based edge
detection. First, we exhaustively analyze all directioegedmined
by a finite set of points along the perimeter of the image aettr
ing linear discriminants. The directions most effectivetwered
with the extracted linear discriminants are candidateslifte the
shapes of man-made objects. Criteria to choose the solinon
the candidates can be based on examining various propeuics
as: whether the lines are parallel or perpendicular. Thgdagged
white lines in Fig. 5b represent the two longest directidrzg aire
also most effectively covered with the extracted linearcuisi-
nants. It is most likely that these lines represent the roaithé
image.

Finally, we present an MLDA-based algorithm for extracting
the minimum length curve between two fixed points in an image.
Here, we implement the iterative-deepeniA§ (IDA™) search
algorithm to optimize a path in the MLDA graph. It is well-knp
[7] that iterative-deepening search finds minimal cost pattth
memory requirements that grow only linearly with the degtthe
goal. Outward propagation from the starting point in the MLD
graph (i.e. the generation of new nodes in fliegA* search tree)
is controlled by a function

f(n) = g(n) +h(n), (6)

where g(n) denotes the cost of the minimal cost path from the
start noden, to the examined node, andh(n) denotes the actual
cost of the minimal cost path betweenand the goal node,,.
Recall that the exact positions in an image of all nodes MIEDA
atoms) are known. Hence, we can estimate the/ifug with the
following heuristic function:

h(n) =d(n,n+1)+de(n+1) +d(n+1,n5), (7)

wheren + 1 denotes a new node generated from the nodee.,

a neighboring MLDA atom), thed(n, n + 1) stands for the mini-
mum distance between the verticesiadndn + 1, further,d,(n +

1) denotes the length of the linear discriminantof- 1, and fi-
nally d(n + 1, ng4) stands for the minimum distance between ver-
tices of then + 1 andny, MLDA atoms. The controlling func-
tion f(n) = g(n) + h(n) is an accumulative sum of distances
and, hence, a monotone nondecreasing function, assuahghth
IDA* search results in the minimum-length path.

The IDA™* algorithm executes a series of depth-first searches [5]

controlled by a cost cut-off value. We expand nodes in a déph

fashion, backtracking whenever tffién + 1) value of a successor
exceeds the cut-off. If this depth-first search does notiteata at
the goal nodey,, then the cost cut-off value must be increased to
start another depth-first search. The new cut-off valuetitosthe
minimum f(n) value of the nodes visited but not expanded in the
previous depth-first search.

Repetitive expansion of nodes IrD A* hinders real-time im-
plementation. On the other hand, the algorithm reduces mem-
ory requirements and improves implementation efficienofebe
depth-first search. In Fig. 5c, we illustrate the extractbrihe
minimum-length curve between two fixed points of interest. |
this example, the start point is on the bottom left and thepeiat
is on the upper right side of the image.

For space reasons, we left out substantial details as wklt-as
ther examples of applied MLDA algorithms.

4. CONCLUSION

Currently well established image analysis approaches tl@xo
hibit sufficient precision in detection and also do not pdevéparse
representation of image features. To deal with these pruhleve
proposed MLDA, a novel image analysis method, in this paper.
We discussed the MLDA framework and showed that MLDA ef-
ficiently represents location, scale, orientation and gddion of
image elements. We presented several MLDA-based algaithm
for extracting curves in images as one application of the MLD
framework. Comparative study of the MLDA, wedgelet, and alat
based horizon detection in noisy images showed that MLDA out
performed the other two methods.
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